SADLER MATHEMATICS
METHODS UNIT 3

WORKED SOLUTIONS

Chapter 6 The exponential function

Exercise 6A

Question 1

a A =1000e***
Whent =5,
A =1000e"°
=$1822.12

b When t =10,
A =1000e*?
=$3320.12

c When t = 25,
A =1000¢*
=$20085.54

Question 2

$27819.26 = P x 008401
ClassPad solve,
P =$12500

Question 3

A =100e "
When t =10,
A =100e%°
=74.08 left
.. 25.92 g has decayed ( ~ 26 g)
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Question 4

a S =2000000e %
Whent =0,
S =2000000

b Whent =2,

S =2000000e **
=1481636
~1500000

Cc Whent =4,
S =2000000e*°
=1097 623
~1100 000

d When t =6,

S =2000000e**
=813139
~ 800 000

Question 5

a V =75(1-e"") m/s
Whent =5,
V =75(1-e%"0)
=35.8 m/s

b When t = 20,
V =75(1-e ")
=69.4 m/s

c When t =40,
V =75(1-e%1R19)
=74.6 m/s
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Question 6

40
a Y = 20 + W
60 = 20 + 40(e %)

x=0

40
(e0.0SX)
30 = 20+ 40(e %)

X=27.73

b Y =20+

C Y = 20+(04—(g><)
el
21=20+40(e ™)

X=73.78

Question 7

3000
1+2999e %

1+2999¢

t~18

Question 8

2000(e0.01x10>< 10 1)

1_ g 001x10

=$36 112.55

3000(e0.01><8><t _ l)

1_ g 0008

t=19.98 (2 dp)
~ 20 years

b 154 000=
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Exercise 6B

Question 1

X

e

Question 2

7e*

Question 3

3e*

Question 4

6e*

Question 5

9e*

Question 6

—8e*

Question 7

585X

Question 8

7e7)<

Question 9

_2e—2)<

Question 10

15e%

Question 11

2e0.5x
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Question 12

—0.5x
e

Question 13

6e* +6x° +6X

Question 14

1
26"+ 12
2

:2ex+L

24/x

Question 15

5> + 2e2*

Question 16

8e4X

Question 17

6e** + 6e**

Question 18

15e* +4x°

Question 19
383X71
Question 20

X2 +3

2xe

Question 21

SeSX—l
Question 22

(6X + 2)(e3x2+2x—1)
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Question 23
3x%e*
Question 24
Xx 28°* +e%* x1
=e”(2x+1)
Question 25

f(x) = x%*
f'(x) = x’e* +e* x 3x
=e*(x*+3x%)

=x%e*(3+X)
Question 26
f (x) = e*Vx
1 L
f’(x):eXxEx 2 4 Jxxe*
e
23x
J 1 x
2dx 1
_e*(1+2x)
2x
Question 27
eX
f(x)=—
(%) o
2Xxxe*—e*x2
f'(x)=—~————
%) 4x°
_2e*(x-1)
4x?
_e(x-1)
2%
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Question 28

f(x) =e*(1+2x)°

f'(x) =€ x3(1+2%)* x 2+ (1+2x)* x *
= (1+2x)%*e* (6 +1+2x)
=e*(1+2X)*(2x+7)

Question 29

f(x) =e*(1-2x)°

f/(x) =e* x5(1+2x)* x (=2) + (1—2x)°e*
=e*(1-2x)*(-10+1-2x)
=e*(1-2x)*(-9-2x)
=—e*(1-2x)*(2x+9)

Question 30

f(x)=e™*
f/(x) = —3e
3

e3x

Question 31
y=e"+x’

%y =2e% +2x
dx

When x =1,
Y _ 2?42
dx

=2(e° +1)

Question 32

y = xe*

%:xxe%exxl
dx

=e"(x+1)
Atx=1,
ﬂzZe
dx
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Question 33
y =5e*

Y _10e>
dx

At x=0,

W
dx
Equation of tangent

y =10x+cC
Using (0, 5)
y =10x+5

Question 34

Instantaneous rate of growth — derivative
9A _ 0.08100"*

dt

— 8e0.08t

a Att=1,
8e°%® =$8.67/ year

b Att =10,
8e%® =$17.80/ year

C Att =20,
8e'® = $39.62 / year

d Att =40,
8e** =$196.26/ year
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Question 35

a

A =100e°" tonnes

A, t=0
~.100e° =100

Whent =5,
100e7%° = 60.65
.. 61 tonnes

A =100e**

9A 100+ —(0.17)e0*
dt

=-10e "

Whent =2,
dA

— =-10e"%
dt

=8.187
.. Falling at 8.19 tonnes/week.

Whent =5,
d_A — _10e—0.5
dt

=-6.065

.. Falling at 6.07 tonnes/week.

When t =8,
A 10e0
dt

=-4.49

.. Falling at 4.49 tonnes/week.
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Exercise 6C

Question 1

d_A= 2.5A

dt
A — Aoe2.5t
=50e**

a Whent =1,
A =50e*°
~ 609
b Whent =3,
A=50e"
=90402
~ 90400

Question 2

d—P: 0.01P
dt

P = 2000

a When t =10,
P = 2000e"*
=~ 2210

b When t =50,
P =2000e%
~ 3297
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Question 3
Q = 150%™

a Whent =2,
Q =150e%%®
~159

b When t = 25,
Q — 150e0.03(25)
=317.55
~ 318

Question 4
A =20000e"

a When t =10,
A = 20000e %10
~ 7358

b When t = 20,
A =20000e
~ 2706.7
~ 2707
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Question 5

X — XO y e0.5t
6x10° = X ,e*°®

6x10°
Xo = 056

=492510
= X =492510x¢e**

a When t =10,
X =492510x %%t
= 73094965
~7.3x10’

b When t = 20,
X =492510e"
=1.085x10"

Question 6

P — P e0.0ZSt
0
2000 = Pe**

2000
R = 0%

=1557.6

a When t =11,
P =1557.6xe%*"
=2050.628
~ 2050

b When t = 20,
P =1557.6xe"°
= 2568.05
~ 2570
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Question 7

P, =250 million
P = 250 *%®" million

a When t =10,
P = 250e** million
=337.46 million
~ 340 million

b When t =50,
P = 250e"* million
=1120.4 million
~1120 million

Question 8
P = 250x %" million

a When t =10,
P =321 million
~ 320 million

b When t =50,
P =872.59 million
~ 870 million

Question 9

A =3 r=-012
A — 3e—0.12t
When t = 20,
A=3e?*
=0.272kg or 272g
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Question 10

P, =5000, r =0.11
P =5000e*™"
When t = 25,
P — 5000e0.11>< 25
=$78213.16

Question 11

20000 = Ae%#%
—$1814.36

Question 12

A =80, r =0.05
When t =100,
A — 8060‘05X100
=11873
. $118.73

Question 13

A — 80e0.08><100
=$2384.77

Question 14

P, =10000, r =-0.05
P =10000e %%

a When t =5,
P =10000e *%®~°
=7788
~ 7800 frogs

b When t =10,

P =10000e %%
= 6065
~ 6100 frogs
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Question 15
r=2%, P=Pe**
a 0.02

b P, = 20 million
50 = 20e”*
t =45.81 years
.. 2000 + 46 = 2046

Question 16

P, =1.5million, k =0.05
- P =1.5e"" million

a

In 2025, t =25
P :1.5e0.05x25
=5.2

5.2 million

In 2050, t =50
P =1l580.05><50
=18.3

18.3 million
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Question 17

k=1.2, P, ~1000
P =1000e"*

a 10° =10%e"*
t=5.76
..=58

b 2x10° =10%e™*
t=6.33
S.~6.3

I 2000 =10e**
4 — el.Zt
t =0.58 hours

d 4000 =10e'*
4 — el.2t
t =1.16 hours

Question 18

k=-0.25
P, = 2000
P =2000e*
P, =2000e™
=736
.~ 740 rabbits

Question 19

k=-0.24
S — S e—0.24t
0
0.45S, = Soe‘("24t
0.45 =g
t = 3.3 weeks
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Exercise 6D

Question 1

I6e3xdx
= 2_|‘ 3e¥dx

=2e¥*+¢

Question 2

jGe“dx
= 3j 2e%dx

=3 +¢
Question 3
1 5x
EISe dx

“Leie
5

Question 4
1 9x
§J.96 dx
BETC,

3

I

3

Question 5

%I3e3xdx

SIS
3
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Question 6
-5 j (—=1)e *dx
=-be*+c

5
=——X+C

e
Question 7

1 X
8| =e2dx

5

:8\/e_x+c

Question 8

1 -2X
(=) (-2e e

_ Lo
2

Question 9

j (4% + 2x)dx
= 2.[ 2e2xdx+I2xdx
=2+ X’ +¢
Question 10
j(ee’X +e”)dx
=1J'3e3xdx+ij'2exdx
3 2
l 3x

l 2x
==—e”+=e”+cC
3 2
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Question 11

—g [ (-2)e™dx

_ e
2

3 e
ZeZX

Question 12
2Xx
I(4e‘2x +e—j dx
4
_ —2X 1 2X
=(-2)[ (-2)e dx-+2 [ 2e7dx

o 1
=2 +§e2X +C

2X

Question 13
j2xexzdx
=e +¢
Question 14

3 j 262 1dx

— 3e2x+1 +C

Question 15

4j (2xe* "*)dx

2
=4e"" ¢
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Question 16
2

J 5e*dx
0

=[se'],
=5e*-5
=5(e’ -1)

Question 17
%j:Sesxdx
Yo
SHCE

_(e°-))
-5

Question 18
2
J'l (e* +2x2e°*) dx
_ X 2Xx 2
=[e*+2e ]1
= (e* +2e*) —(e' + 2¢°)

=e? +2e* —e' —2¢?

=2e*—e?—¢e
Question 19

2]02(x+%>< 2e¥) dx

2 2x 2
—o| X8
2 2

0

e’ e’
= 2[(2+?)—(0+?)j

=4+e* -1

=3+¢*
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Question 20
0
j e “dx
-1

0
=[],
=—e"—(-¢")
=-1+e
=e-1

Question 21
Ly
6]2£2><1e2 +X2J dx
0 2

— 6| 262 +X—}
3

0

—6 (2e+%j—(2e°+0)}

=6 2e+§—2)
3

=12e+4
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Question 22

a d—A:SeZt,A=3,t:0
dt

9 (a2t
A(t)—EIZe dt

5e2t
= +C
2
0
3= Si+c
2
1
C=—
2
A(t)—ie2t s
145
2
b A:1+5e
2
Question 23

a f'(x) =6(x* —2e*)
f(x)= G(EXS —ge3xj+c
3 3
=2x"—4e* +c

F(0)=0-4+c=1
c=5
f(x)=2x*-4e> +5

f(2)=16—-4e’+5
=21-4¢°
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Question 24

o [eocle]

—ed_g"
=e’-1
=19.1 units?®

b J.Osex —edx= [ex —ex]z
=(e*-3e)-(e°-0)
= ¢’ —3e—1 units?
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Miscellaneous exercise six

Question 1
y=(2x-1)(3x+2)
% (2x-1@) +(3x+2)(2)

=6X—-3+6Xx+4
=12x+1
When x =1,
] =12(1)+1
dx
=13
.. Tangent is of the formy =13x+¢
Using (1, 5)
5=13(1)+c
c=-8
.. Equation of tangent isy =13x—-8
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Question 2

a ﬂ:S(x+2)4x1
dx

=5(x+2)*

b N 5oxan)ta2
dx
~10(2x+1)*

dy (x+5)x1-(x-5)x1
dx (X +5)?

_ X+5-X+5

~ (x+5)?

10

 (x+5)?

dy (X+5)x5-(5x-1)x1
dx (X+5)?

_ 5Xx+25-5x+1

~ (x+5)?

2

(x+5)°

e ﬂzlzxz —e*
dx

f Q:Sesx +5
dx

Question 3

Y _ 3ax?

dx
When x =5,

ﬂ:3ax52 =30
dx

75a =30
a=04
y =0.4x°
b =0.4(5)°
=50
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Question 4

a V= eO.lt
a= av =0.1e%"
dt

Whent =0,
a=0.1e>"
=0.1 m/s?

b When t = 20,
a= O.leO.l(ZO)
=0.1e?
=0.739 m/s?

c X= jvdt
_ Ieo‘ltdt
-10 j 0.1e"dt

=10e*" +c¢

When t =0,
X =10e"? +¢
12=10+c
c=2
-.c=10e"" +2

When t =10,

X =10e%19 4 2
=10e+2
=29.183 m
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Question 5

"mfu+?-um

h—0

i [(x+ h)? +3(x + h)}—[x2 +3x]

h—0 h

_lim £x2+2hx+h2+3x+3h—x2—3x]
- h

[2hx+h2+3hj

h—0

=lim
h—0

=1lim
h—0

=2X+3

h(2x+h+3)
h

Question 6

y=x>+3x*-10x=0
X(x* +3x-10)=0
X(x+5)(x-2)=0
x=0,2,-5
=.(0,0), (2,0)and (-5, 0)
When x = -5,
dy =3(-5)* +6(-5)-10
dx

=35
.. The gradient at (-5, 0) is 35.

gy =3x*+6x-10
dx

When x =0,

ﬂ =3(0)* +6(0)-10
dx

=-10
.. The gradient at (0, 0) is —10.

When x =2,
ﬂ =3(2)* +6(2)-10
dx

=14
.. The gradient at (2, 0) is 14.
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0 2
I_s(x +3x° —10x)dx—.[0 (x* +3x* —10x)dx

& Edit Zoom Analysis ¢ *
. 0 \ ) EHMEERFEEEEEEE O
:{X—+x3—5x2} —[X—+x3—5x2} ::
4 5 4 o .
24 25
:(0—(54+(—5)3—5(—5)2)—(I+23—5X22—0j 20)
=93.75—(-8) i
= 10175 T & 4 <] -2 1 0 1 3 4 -
. Total area enclosed 101.75 units®. .
= | % %
Rad  Real 0]

Question 7

1
2y=—x+8 - m1=—E
Q:Zax
dx
When x = -1,

Y _ac1)=2
dx

—2a=2
a=-1
y=-x*+5
b=—(-1)°+5

=4
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Question 8

10
a , X dx

XZ 10
|:2:|2

d EGeZde
-3 jjze“dx
_ 2x 1
- 3[9 ]o
=3(e”* —¢°)
=3(e*-1)
=3e°-3

e J‘_Zl (3x* + 4x)dx
= [x?’ + 2X2I1
= (22 +2x29) - ((-1)°*+2(-1)?)
~16-(1)
=15
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, —(x2 3 dx

= I234x(x2 -3)7?dx

'[3 4x

3
=2 L 2x(x? —3)2dx

-2[~6¢ -9,
=2(-(F -3 - (-(2*-37)

Question 9

1
a Y _exeiliax
dx 2

:6x2+i

X

b d—y=3x2+eX
dx
dy (x+3)x2-(2x-1)x1
dx (x+3)°
_ 2X+6-2x+1
 (x+3)?
T
(x+3)?

d ﬂ:X4xex+eXx4X3
dx

= x%*(x+4)
1
e %:5(2x3+4\/§)4x(6x2+%x4x 2)
X

3 4 2 i
=5(2x +4\/§) (GX +\&j
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Question 10
1
a §(1+2)x5=7.5km

b 7%+10x2=27.5 km

C 27£+1x 4x2=315km
2 2
Question 11

V= %(h e—0.15(5))

=35.2 m/s

. 1
!LT(l‘emjzl

200x1=@ m/s
3 3

Question 12

dy dy
X ox
S=2nr?+2nrx20
=2nr® +40mr

d_S =4nr +40n
dr

8S ~ (4nr + 40m)dr
=~ (4>< T|:><10+40TC)0.2
~80nx 0.2

~ 167 cm?
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Question 13

a® =0.08P, P, =500
dt

= P =500e"*

a P =500e%%®)
=745.91
-.$745.91

b P =500e"®¢
=1660.06
. $1660.06

Question 14

ar
dt
When t =1,

ar _ —28.5¢7%2
dt

a =-28.5e70%

=-21.1
. T is falling by 21.1°C/min.

b When t =3,

a7 _ogseoss
dt

=-11.6
- T is falling by 11.6°C/min.
C When t =15,
ar =-28.5e 0%
dt

=-0.3
. T is falling by 0.3°C/min.
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Question 15

a

y — Xzex

xandy intercepts:
x-intercepts, y =0

x’e* =0
x*=0 or e=0
Xx=0 no such x

(0,0) is the x-intercept
y -intercept, x =0
y = x%.e*
=0%¢°
=0
(0,0) is also the y-intercept

Co-ordinates of turning points:
d—i: x’e* +e*.2x
0=xe"(x+2)
xe*=0 or x+2=0
x=0 or e=0 or x=-2
no such x

Whenx=0,y=0
= (0,0) is a turning point
When x = -2,
y=(-2)"¢"
4

e2

= (—2,12) IS a turning point
e

AsX — o,y > (0°e”)

Asx — -0,y >0 ((—oo)z.%)
e
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eX
y-intercept :

e0
y = i no y-intercept exists

The graph is asymptotic at x =0

x-intercept

e : ,
0=— = No x-intercept exists as * # 0
X

Stationary points
dy _ x’¢*—e*2x

dx x*
0 xe (>i—2)
X

x=0 or x=2 (e*#0)

At x =2,
e2
VZ?
e2

T4

ASX— o,y —> o
As X — —0,y >0
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C y -intercept

y= 1
1+¢€°

1
(01 E)

x-intercept

1

1+ef

No such x .. no x-intercepts

0

Stationary points

@ _ ~1(1+e¥)2e"

dx

0=—"
@+e")

—e* # 0= no stationary points

AsX —>o0,y—>0
AsX — -0,y —>1
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Question 16

Point of intersection
By ClassPad, y =6 ++/x and 4y + x =56 intersect at (16, 10).

= [ (6 +x)dx

2 3 16
=| 6X+=x2
3 0

=168
2
Area = (168 + 138§j x 2

= 6131
3

-.613 cm? (nearest cm)
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